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The method of library least-square analysis (LLSA) has been applied to 
gamma ray spectra obtained from the Grand Forks Human Nutrition Research Center 
whole body counter. The validity of the method was tested under various conditions. 
Mathematical formulation of the method is presented along with a detailed description 
of the computer program algorithm used. Special features, schemes and pitfalls of the 
computer program (or the method as a whole) are discussed in detail.
IX
INTRODUCTION
The purpose of this thesis is to discuss a mathematical formulation of the 
library least-squares analysis (LLSA) method to describe a computer program 
algorithm and explain how it has been incorporated into the whole-body counter 
(WBC) in the Grand Forks Human Nutrition Research Center (GFHNRC). 
Preparation of library standards is discussed in great detail because they are essential 
for the successful application of the method1. Results from several tests under 
controlled conditions are given. Finally, LLSA is applied to bioavailablity and radon 
studies to demonstrate its validity.
Nuclear methodology has gained wide acceptance as a useful technique in 
biological and medical sciences2. For example, radioisotopes have been widely 
accepted as a research tool in trace element analysis. A whole-body counter (an 
instrument which measures gamma radiation from a human body) can be employed to 
measure gamma emissions when gamma emitting trace elements are used. A gamma- 
ray spectrum, which is a superposition of gamma-ray spectra from radioisotopes that 
are present in the body, is obtained with the aid of a multichannel analyzer. A general 
problem addressed here is to resolve the WBC spectrum and determine the activities 
of individual radioisotopes. Many mathematical as well as graphical techniques (e.g., 
stripping, peak area, window, etc.)3 have been developed for this purpose. When the 
spectrum is obtained from a mixture of known radioisotopes, the best and most 
powerful method known is the mathematical LLSA method3-4
The LLSA method has only recently been employed in nuclear spectroscopy. 
The main objective of the method is to resolve a sample spectrum by comparing it with
1
2standard spectra, to form a best fit in a least-squares sense5. Basically it is assumed 
that the sample spectrum is, within statistical fluctuations, a linear superposition of 
spectra of radioisotopes present in the sample. Contributions of radioisotopes can be 
described by analytic functions, or alternatively, they can be represented by a series of 
experimentally determined spectra generated with only one radioisotope present a t a 
time. These spectra are called library standards6.
LLSA has several advantages: (1) it uses all the available data, so that 
subjective errors can be avoided; (2) it provides estimation of error for calculated 
results (activities); (3) it furnishes a sensitive indicator of reliability of calculated 
results, a reduced chi-square value.
Although its strengths have been discussed thus far, the method is far from 
perfect. In his classical articles on curve fitting and the principle of least-squares, 
Birge states7-8: "Except in especially favorable cases, least-squares results and their 
computed probable errors are not as reliable as indicated by theory...but alternative 
methods are, without exception, inferior." An inherent weakness of the method is in 
the fundamental assumption that only standard spectra representing the components 
of a sample spectrum are included in the analysis. Extra or missing spectra lead to 
erroneous results. Under certain conditions (e.g., very high counting rate, gain and 
bias shifts in the system, etc.) the basic assumption of the method is violated and it 
becomes inapplicable. Hence, care must be taken in order to avoid or at least minimize 
the factors mentioned above.
THEORY
The mathematical formulations developed in this section closely follow those 
suggested by Gavron5 and Gardner, Wielopolski and Verghose9. Minor alterations 
have been made to accommodate GFHNRC WBC data.
Let N4 be the total number of counts in channel i of a multichannel analyzer, due
j=l,...,k). Suppose that all radioisotopes in this sample are included in a set of library 
standards, each with activity Qj (where j=l,2,...,k). Let Xj define the activity of 
radioisotope j in a sample relative to its activity in the library standards, or
where a,; is the count in i^ channel due to j1*1 radioisotope of a sample and A,j is the 
count in the i* channel due to the j111 radioisotope in the library standards. The 
fundamental assumption of the LLSA method is that the sample spectrum is, within 
statistical fluctuation, a linear superposition of spectra of radioisotopes that are 
present in the sample. Mathematically this can be written as







N i - l A ^  + Zi.
j= i
(2)
where Zi is the random error, k is the number of radioisotopes present, Nj is the 
number of total counts observed in channel i of a multichannel analyzer, and Ay has 
been determined from a series of pure radioisotopes. The task is to calculate the 
relative activities Xj.
The weighted sum of the squares of all errors is given by 
P k
S = S w i ( Z Aijx i - Ni)2 . 0 )
i=a j=1
where a  and (3 are the first and last channels of a region of interest in a spectrum, and 
Wj is the weight function. A discussion on weight function is deferred until later in this 
section. The relative activities Xj can then be found by minimizing S. This can be 








X w i(  S A.qXq-N i)2
. i=a q=l
(4)
A set of k linear simultaneous linear equations is obtained by performing the 
differentiations and rearranging terms. One has
5P P P P
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In matrix notation
B • X = Y ( 6 )
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The solution of Eq. (6) is
X = B'1 Y (7)
where B"1 is the inverse matrix of B (assuming B'1 exists). Once the Xj has been 
determined, the activity qj of the j*  radioisotope can be found by using
qj = XjQj, (8)
where Qj is the activity of the j*  standard.
The relative activities Xj are considered to be accurate and reliable only if both 
the sample spectrum and standard spectra are obtained under identical conditions 
(i.e., same counting geometry, equal level of gain and threshold bias in the system, 
etc).
7Electronic fluctuations that produce gain and threshold shifts are inevitable in a 
counting system. In a plot a of gamma energy vs corresponding channel for a 
multichannel analyzer a straight line will appear as shown in Fig (1) In gamma 
radiation analysis, a channel is the smallest discrete energy width of a spectrum. If the 
counting system has ideal stability this functional relation will remain constant. But, 
as shown in Fig (1), gain shift will affect the slope of the line while threshold shift will 
increase or decrease the baseline channel (first channel). Spectra peaks corresponding 
to these shifts are shown in Fig. (2). Several approaches have been proposed to 
compensate gain and threshold shifts. One suggested by Schonfeld10 and improved by 
Gavron5 was chosen because of its simplicity. This approach eliminates any need to 
determine the equipment response parameters because it is a pure numerical 
technique that involves simple manipulation of the observed (measured) spectrum.
Let Es denote the gamma energy corresponding to channel n in the spectra of 
the library standards. The gamma energy can be represented by a linear function of 
channel number, if the counting system is not overloaded. This can be expressed 
mathematically as
Es = G(n - ns) , (9)
where G is the energy per channel and ns is the channel corresponding to zero energy. 
A similar relation can be applied to the sample energy E„ at the same channel n,
En = p- (n - no), GO)
sFigure 1. Gamma energy vs channel for a multichannel analyzer - effect of 









Figure 2. Effect of exaggerated gain and threshold shifts on peak position.
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where F is the gain shift which equals 1 in the ideal case. The threshold shift, ns - n0, 
is equal to zero in a perfect counting system. The total count in channel c from a 
sample, is compared to the sum of counts from a collection of representative library 
standards in channel i, corresponding to the reference gamma energy. Equating the 
energies Es and E„ yields
p- (c -no) = G(i - ns) . (ID
Rearranging Eq. (11), yields
c = F(i - ns) + n0 . ( 12)
Define a quantity 8i such that
Si = c - i , (13)
or, after substitution of Eq. (12),
8i= (F - l)(i - ns) + (n0 + ns) , (13a)
and
c = i + Si
or
11
c = i + (F - l)(i - ns) + (no - ns) . (14)
F and nQ are the two unknown quantities that must be calculated separately for each 
sample. Because the total count of a sample in channel i must be compared to the sum 
of counts due to a collection of representative library standards in channel c, Eq. (2), 
which is the basic assumption of LLSA method, becomes
k
Ni+6i= I  AijXj + Z i, (15)
j= i
and Eq. (3), the weighted sum of the squares of all errors, becomes 
P k
S = X w i (Nl+« - X A ijXj)2. (16)
i=a j= l
Expanding N1+gi in a Taylor series around i and retaining terms up to the first order 
yields
Ni+8i = N; + ^ p 5 i .
Substituting a difference in place of the derivative,
N,+si = Ni + ' ~ '~ js i.
(17)
(18)
The final form of Ni+gi is obtained by substituting Eq. (13) into Eq. (18) so that
12
Ni+8i = Ni + 0.5(Ni+1 + NM)((F -l)( i - ns) + (n0 - ns) ) . (19)
For the convenience of computer programming, define four new variables AiJc+1, Xk+1, 
A ix+1 and Xk+2 by
Ai>k+1 = 0.5(Ni+i - NuXi - ns) , (20)
Xk+1 = F - 1 , (21)
Aiik+2 = -0.5(Ni+1 -Nm) , (22)
and
Xk + 2  -  n0 - ns . (23)
Substitution of Eqs. (20) to (23) into into Eq. (19) and the result into Eq. (16) yields 
P k+2
S = X w i (Ni - X A ipCj )2 . (24)
i=a j=l
Identical minimization steps are used to solve for Xj. However, a set of k+2, instead of 
k, simultaneous linear equations is obtained. These can be written in matrix form 
similar to Eq. (6). The solution for Xj can be calculated from Eq.(7). Xj (where j=l,...,k) 
is the relative activity for radioisotope in a sample as in previous results. The
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additional elements Xj+1 and Xj+2 correspond to gain shift minus one and threshold 
shift, respectively.
Two approximations have been used in deriving Eq. (19). Only terms up to first 
order in a Taylor series expansion have been retained and the derivative has been 
replaced with a difference, and hence the solution Xj (where j=l,...Jc+2) will be a first 
order approximation only. An iteration method improves the accuracy of solutions. The 
initial solutions are used to calculate gain and threshold shifts by using Eqs. (21) and 
(23) to form a new energy scale (Eq. 10) that is nearer the energy of the library 
standards. From this new scale a shifted sample spectrum Nif8i is formed. Shifting is 
accomplished by using a parabolic interpolation11 through (integer) channel numbers 
around channel c = i + 8i. These N; can be used substituted into Eq. (24), to provide 
new values of gain and threshold shifts from Eqs. (21) and (23). This series of 
iterations is repeated until convergence criteria are satisfied (i. e. relative change of 
chi-square value is less than a certain percentage).
No explicit discussion has been made concerning weight function W, to this 
point. The importance of different parts of the spectrum can be enhanced by making 
different choices of W;. The choice of the W, affects the way standard deviation errors 
in relative activities are calculated. The case when W, equals one is called 
nonweighted LLSA.




where a , is the variance of the number of counts in channel number i. This weight
function puts more emphasis on channels with higher counts, i.e., on the peaks. The 
sum of squares of errors Eq. (3), becomes a general statistical chi-square function,
(26)X2 = - l (Q  - Mi)2 . Oi
i=a
The expected or calculated values are defined here as,
k
Q = X  AUXJ. (26a)
j=i
and the measured or observed values are,
Mj = N j. (26b)
The solutions Xj _ with reciprocal variance of counts in each channel as the weight 
function, are equivalent to those obtained by minimizing the chi-square function (i.e., 
see Eqs (3), (25) and (26)).
The total variance for an arbitrary channel i is given by
k
a 2i = a 2(Ni) + x j  a 2(Ajj), (27)
j=i
where o 2(N,) and a 2(Aij) are the variance of N, and A^ respectively. Poisson counting 
statistics have been assumed, a reasonable assumption for radioactive decay, so that 
the variance is equal to the sample mean. Mathematically stated
15
and
a 2(Aij) = Ay. (28)
The second term in Eq. (27) can be neglected with respect to the first term if 
the statistical counting fluctuations of library standards are negligible compared to 
those of the sample, so that Eq. (27) becomes,
A set of library standards with good counting statistics can be prepared by counting a 
set of radioisotopes of optimum activities over long counting times. This 
approximation is inaccurate for samples with poor counting statistics (i. e. short 
counting times or low activities). Accuracy can be improved by using the calculated 
count Q  as a weight function in succeeding iterations because library standards were 
prepared with good counting statistics.
The standard deviation errors in relative activities Xj can be calculated by 
using a theory of error suggested by Cramer5-10-12 or by a Taylor series expansion 
approximation as proposed by Bevington9-12. The errors, o(xj), observed are assumed 




where y l  is the statistical chi square function (Eq. (26)), Bj] is the jth diagonal 
element of B'1 and L is number of degrees of freedom minus 1. L changes from
L = (P - a) - (k + 2) (31)
to
L = (p - a) - k (32)
with compensating for gain and threshold shift.
Chi-square is a good indicator of the reliability of the calculated results, it is 
also a good test of the validity of the fundamental assumption (Eq. (2)).14 Chi-square 
per degree of freedom or reduced chi-square is used as an indicator of goodness of fit. 
It is defined as
R = X2n - k ’ (33)
where n is total number of channels and k is total number of radioisotopes. When a 
sample spectrum is completely resolved into its component spectra the uncertainty in 
each channel is approximately its standard deviation or, equivalently




In most cases n > > k so that, 
R = 1 .
This means that results are reliable when r is equal to or less than 1. R is slightly 
greater than 1 in most practical cases. If R is significantly greater than 1, it indicates a 
bias4 which may be caused by the following: (1) the library standards do not 
represent all the radioisotopes present in the sample; (2) counting conditions when 
preparing library standards do not correspond with the sample counting conditions 
(i.e., different counting geometries, uncompensated gain shift, etc.); (3) non-linearities 
like pulse pile-up, that violate the fundamental LLSA assumption, Eq. (2).
Let Zj define the residual for each channel of the spectrum where
„  N i  - C i 
Z i = — •
(35)
It will be shown in the Experiments and Results section that a plot of residuals is 
extremely helpful in troubleshooting and in confirming the reliability of the results.
LIBRARY LEAST-SQUARES COMPUTER PROGRAM
The main LLSA program is called LSQFT1. LSQFT1 and its support program 
form the WBC software package used at the GFHNRC. An outline of the software 
package is shown in Fig 3. The entire WBC software package is written in 
FORTRAN IV for the MIDAS operating system of a Nuclear Data ND6700 system. 
This discussion is limited to the LSQFT1.
LSQFT1 is versatile and self-explanatory. Users control processing of spectral 
data with options that are built in the programs. Users can also select the input and 
output devices. An outline of the algorithm used is given in Fig. 4. A more detailed 
outline of the numerical analysis section of the program is shown in Fig. 5.
LSQFT1 reads in a list of analytical parameters from a file identified as MENU, 
at the beginning of each run. Information necessary for processing spectra is stored as 
various analytical parameters in MENU. These include the following: (1) region of 
interest (first and last channel number); (2) total number of radioisotopes used in the 
analysis; (3) actual radioisotopes used; and, (4) a rejection coefficient (RC), defined 
and discussed below. These analytical parameters can be redefined within LSQFT1 
or alternatively, they can be preset by using a support program prior to invoking 
LSQFT1. A third way to read in analytical parameters is by selecting a built-in option 
that allows LSQFT1 to read data from a user-specified study-table (file). This option 
is very useful when a user is working with several trace element studies that involve 
large numbers of volunteers. The user may switch between study-tables instead of 
redefining the analytical parameters used in analyzing spectral data from different 
studies. LSQFT1 will only input spectral data of the standards of radioisotopes that 
have been user-selected as analytical parameters.
18
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Figure 3. WBC software package.
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Figure 5. An outline of numerical analysis section of LSQFT1.
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The program prompts the user for an identification of a sample spectrum after 
input of spectral data (refer to Fig. 4). Each time an identification is entered, four 
program options, or switches are automatically appended. Each switch, except the 
first, controls one feature in the program. Each switch accepts a numerical value of 1 or 
0. A 1 indicates that the switch is on (i. e., the option is selected), while a 0 indicates 
that the switch is off. The default value for all switches is 0 and initially no program 
feature is selected. A user may mask out the default value of any switch by inputting a 
different value. The first switch is called the master switch. This switch can have four 
values, these are 0, 1, -1 and 2. These switch settings correspond to the following: 0 
(default value), all other switches off; 1, input different analytical parameters; -1, input 
a different study-table; 2, input new values for other switches. The program prints out 
a list of suspicious channels when the second switch is on. A channel is labeled as 
suspicious if the difference between a calculated count and the measured count in the 
channel is greater than three standard deviations of the measured count. This can be 
stated mathematically as
(Q - NO > 30;
where Q, Ni and a, are given by Eqs. (26a), (26b) and (29), respectively. There are 
two versions of LLSA in LSQFT1. The first version is the simple, non-weighted 
LLSA that does not compensate for gain and threshold shifts. The second, more 
sophisticated weighted LLSA, compensates for gain and threshold shifts. The third 
switch must be on if the weighted LLSA is desired. LSQFT1 prompts the user to input 
a maximum number of iterations allowed and a chi-square value in this situation. 
Gavron5 reported five iterations are sufficient in any analysis, and in most cases
23
reported here three iterations were sufficient. A reduced chi-square of one indicates a 
reliable result and should be selected. The last switch is called the plot switch. The 
program stores the calculated spectrum and its residuals in permanent storage when 
the plot switch is on, otherwise, they are erased. All other switches are not stand­
alone like the master switch and their values must be entered together (i.e., 2,1,0,1) in 
order to reconfigure the previous selections. Once reconfigured these values become a 
set of default values for the next run. The user must re-enter a new set of values 
when changes are desired. Turning on one or more switches increases execution time.
The process of numerical analysis begins after a user has made a selection of 
program features and LSQFT1 has read in the necessary data (refer to Fig. 5). The 
program will begin by forming Aitk+i and Ai>k+2  by using Eqs.(20) and (22). If the 
weighted LLSA has been selected, gain and threshold shifts are set to one and zero, 
respectively. Otherwise, LSQFT1 will proceed to form B from Eq. (6a) and Y from 
Eq.(6b). The inverse of B is determined by Gauss-Jordan elimination12. Relative 
activities, Xj, and radioisotope activities, qj, are calculated from Eqs. (7) and (8), 
respectively. The program advances to a different routine before performing rejection 
analysis because iterations are required in weighted LLSA. A shifted sample 
spectrum is formed with new gain and threshold values in beginning iterations. The 
procedure followed is that discussed earlier. Standard deviation errors in Xj and chi- 
square, ignored in the first iteration are calculated next. This concludes the first 
iteration. Similar steps in recalculating relative intensities, gain and threshold shifts 
are repeated, as are error analyses and chi-square value calculations. The program 
then continues to iterate until any one of the following convergence criteria are met:
(1) the value of reduced chi-square is less then the user-specified value; (2) the 
relative change in chi-square value is less than five percent; and (3) the number of
24
iterations exceeds the maximum allowable number specified by the user. These 
criteria may be met, however, the results are not considered to be reliable unless the 
reduced chi-square value is near 1.
LSQFT1 performs a rejection routine and checks for any unnecessary library 
standards before sending the processed results to an output device. The program 
reloads the sample spectrum and reprocesses when unnecessary library standards are 
encountered. A library standards is classified as unnecessary if the following criterion 
is met
Xj - RC x o(Xj) £ 0
where RC is called the rejection coefficient. A user can determine which library 
standards to reject by selecting RC. A list of RC's that are meaningful when checking 
for unnecessary library standards and their associated function includes the following: 
(1) a value of 0 allows the program to reject library standards that have negative 
activities; (2) a value of 1 rejects library standards whose existence is not assured by 
a 68% confidence interval (i. e. zero activity is within one standard deviation interval 
of the relative activity); (3) a value of -1 rejects library standards that are not within 
a 68% confidence level; (4) a large negative integer inhibits rejection of LSQFT1 to 
reject any library standards; and (5) a large positive integer causes the program to 
reject all of the library standards. The largest and smallest integers accepted are 
+32767 and -32767, respectively.
Residuals for each channel are calculated and. are sent to permanent storage 
together with the sample spectrum when the plot switch is on. The processed data are 
transferred to a specified database prior to sending them to the output device if the
25
option, reading-from-study-table, is selected. A sample hardcopy printout of the 
processed data is shown in Fig. 6. A list of suspicious channels is appended to the 
processed data if the suspicious channel switch is on.
LSQFT1 can analyze up to eight radioisotopes in 510 channels. This limitation 
is due to the FORTRAN compiler in the ND6700 system that can handle only 
programs which require less than 64K of memory. Most applications in the GFHNRC 
WBC do not require more than 5 radioisotopes to be processed simultaneously. The 
execution time of the program ranges from approximately 3 seconds, with one library 
standard, to 6 minutes for weighted LLSA with eight radioisotopes and 3 iterations.
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SUBJECT DATA
SUBJECT ID : SAMP WBC #: 42 SEQ #: 74
ACQ TIME s00:10!00
ELAPSED LIVE TIME :00:10:00
ELAPSED REAL TIME :00!10:01
ACQ DATE :21 JUN 1989 02:23:43 PM
DATE : 25 JUN 19S9 10:39:33 PM
STRT CHNN : 30 END CHNN : 500
ANALYSIS OF DET# 1 
NO. NUCLIDE X(I) SDCI) ACTIVITY
1 BKG 0.01082601 0.00005843 0.208E 02
2 K—40 0.02001734 0.00054435 0.172E 04
3 ZN-65 0.17933319 0.00304493 0.330E 00
4 RA-DT 0.00077419 0.00027292 0.129E-■02
5 MN-54 0.14580402 0.00049551 0. 350E 00
REDUCED CHI SQUARE : 1.080178
GAIN SHIFT : 0.9977 547
THRESHOLD SHIFT : 0 .2334003
TOTAL NUMBER OF REJECTED LIBRARY : 0
TOTAL NUMBER OF SUSPICOUS CHANNELS • >2>
30. 31.
Figure 6. Sample hardcopy printout from LSQFT1
PREPARATION OF LIBRARY STANDARDS
Quality of the library standards affects the LLSA results, hence great care 
must be taken when preparing the library standards to avoid distortions. There are 
three requirements that the library standards spectra must meet1: (1) each library 
standard spectrum is due to a single pure radioisotope; (2) all are acquired under the 
same counting conditions: (3) counting times are long enough to minimize statistical 
counting fluctuations.
All library standards were prepared in the WBC at the GFHNRC. The WBC 
consists of 32 4" x 4" x 16" Nal(Tl) detectors. The detectors are arranged in two 
arrays of 16 detectors each (see Fig. 7). A group of four detectors feeds a single 
analog-to-digital converter (ADC). Each ADC can accommodate 16384 channels, but 
only 2048 (or 512 channels per detector) are used. The gain in each detector is 
adjustable by a programmable high voltage power supply. Gain calibration is 
performed twice daily, with the aid of a computer and an array of four Na-22 sealed 
sources, to ensure consistency. The gain of each detector is adjusted, so that the 
centroid of a Na-22 (1.275 Mev) photopeak occurs at a preselected channel.
The counter is enclosed in an 8' x 8' x 10' shielded room of 5.25" thick pre- 
World War II steel, lined with 1/8" of lead sheet and sheets of cadmium and copper 
each approximately 1/32" thick. Air in the counter is filtered and circulated 
continuously to decrease the level of environmental radon decay products.
All radioisotopes used were obtained in radioactive solutions. They were 
prepared and counted as distributed sources6 in four, 20-liter 14" x 9" x 12" 
containers (Jerricans - see Fig. 8) filled with tissue-equivalent-fluid (TEF). The first 
two Jerricans were full, the third one was one-half full and the fourth one was
27
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Figure 7. GFHNRC whole-body counter with 32 Nal (Tl) detectors.
29
Figure 8. Jerricans used to simulate a standard man when preparing the library 
standards.
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one-quarter full. This set of four Jerricans simulated a 55-liter standard man15. TEF 
served as a scattering medium (simulating the scattering medium of a human body) for 
emitted gamma-rays. The composition of TEF is given in table 1. For the 
purpose of testing LLSA a second set of library standards were prepared in a 1-liter 
bottle with water serving as the scattering medium.
The WBC was calibrated before counting each library standard. After a 
solution was counted in the WBC, spectra from all 32 detectors were summed to form 
a composite spectrum. When performing the LLSA analysis the composite spectrum 
was used instead of the 32 individual detector spectra. The composite spectrum 
consisted of a total count for each channel and was preferable to spectra which 
represented count rates (count per unit time) for each channel (i.e., those used by 
Gavron9). A composite spectrum of total counts reduced error propagation that would 
arise when forming the count rate spectrum.
The prepared library standards included background (Bkg), Ra-226, K-40, Zn- 
65, Mn-54 and Cu-67. Counting times, characteristic peak energies and half-lives are 
shown in table 2. The Bkg standard used was a counter background spectrum 
collected over a period of 16 hours (The WBC must be free from any contamination 
when collecting a background spectrum). Spectra obtained from the radioisotopes 
needed manipulation before they could be used as library standards in LLSA. After a 
radioisotope was counted in the WBC, the room background was removed to obtain a 
pure library standard. For Mn-54, Cu-67 and Zn-65 the region between the valley of 
highest energy peak and the last channel (tail) in the spectrum (as shown in Fig. 9) 
was least-squares fitted with a Bkg library standard. The counts in this region are 
solely due to the counter background. The region was checked to ensure that no 
extraneous peaks existed prior to the fit. When selecting and checking this region 

















Bkg - - - — 16 h
K-40 1.460 1.28 x 109y 8 h
Mn-54 0.835 303 d 25 min
Zn-65 1.115 243.6 d 25 min
Cu-67 0.093 & 0.185 61.9 h 25 min
Ra-226 complex peaks 1620 y 15 min
Table 2. Characteristic gamma peak energies, half-lives and counting times of 
library standards.
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Figure 9. Zn-65 library standard with tail.
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ratio between counting time of the radioisotope and the Bkg library standard. A large 
difference between the ratio and Xj indicates bias which may have been caused by 
contamination or pulse pile-up. Contamination and pulse pile-up cause extraneous 
peaks in a spectrum. A calculated background was formed by using Eq, (7). Ra-226 
and K-40 did not have a significant tail in the spectrum because their characteristic 
peaks occurred in the high channel region. In this case the Xj for each radioisotope was 
assumed to be exactly equal to the ratio between counting time of the radioisotope 
and the Bkg library standard. Similarly, a calculated background was formed by using 
Eq. (7), and the calculated background was subtracted from the entire spectrum. The 
remaining counts in the tail region after the background subtraction were considered to 
be statistical fluctuations, hence they were set to zero. The spectra of library 
standards are shown in Figs. 10 to 15. Accuracies of library standards were checked 
by comparing their gamma energies with those catalogued in a standard handbook16. 
Characteristic gamma energies of radioisotopes and transitions that cause these 
emissions are compiled in several handbooks17’18. The procedures described were 
repeated until the generated library standards yielded the best chi-square values in a 
series of trace element studies spectra.
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Figure 10. Bkg library standard.
36
Figure 11. K-40 library standard.
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Figure 12. Mn-54 library standard.
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Figure 13. Zn-65 library standard.
39
Figure 14. Cu-67 library standard.
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Figure 15. Ra-226 library standard.
EXPERIMENT AND RESULTS
The first step in a series of tests described here was to examine the LSQFT1 
program. Several synthetic spectra were formed by using pure library standards.
These spectra were analyzed with LSQFT1. The results are shown in table 3. The 
results shown throughout this section are expressed in terms of relative activities Xj, 
a dimensionless quantity, to avoid confusion. Agreement to three significant figures 
between expected and calculated results, as well as a reduced chi-square value of 
zero (to one decimal place) in table 3, indicate the computer program functioned 
properly. The expected values of Xj were obtained by using Eq. (1). The capability of 
the weighted version of LSQFT1 to compensate for gain and threshold shifts was 
tested with an intentionally shifted spectrum using parabolic interpolation. The gain 
and threshold values together with calculated results are presented in tables 4a and 
4b. The reduced chi-square value decreased from about 2.14, in nonweighted LLSA, to 
about 0.01 in weighted LLSA. Accuracy improved with iterations, but the improvement 
ceased after 3 iterations.
A series of synthetic mixtures were analyzed by the LLSA method to test 
resolving power and accuracy. Observed errors obtained from weighted LLSA (shown 
in table 5) ranged from 0.2% to 6%; and from 0.2% to 11% for nonweighted LLSA when 
Ra-226 was excluded with each method. A large error in Ra-226 was due to the small 
amount used (1 picocurie). This was done to determine minimum detectabilities of the 
LSQFT1 and LLSA methods. A sample whose activity was larger than one nanocurie 
was effectively resolved by LSQFT1 (4 nanocuries for Mn-54). Overall, the results 
obtained with weighted LLSA were more accurate than those obtained with 
nonweighted LLSA. The reduced chi-square values obtained by the weighted LLSA
41
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Test Bkg Zn-65 Mn-54 Ra-226 K-40 Reduced %2
Expected Xj — 0.500 0.020 0.030 0.050 0.001 —
1 0.500 — — — — 0.0
Calculated 2 0.500 0.020 0.030 — — 0.0
Xi 3 0.500 0.020 0.030 0.050 — 0.0
4 0.500 0.020 0.030 0.050 0.001 0.0








1. original 1.000 0.000
2. trial 0.996 0.230
3. typical 0.999 ±0.050
(a)








- — 0.030 0.020 0.030 — — —
1. 01 0.030 0.019 0.029 — — 2.14
Calculated 2. 3 0.029 0.020 0.030 1.004 -0.113 0.001
Xj 3. 5 0.029 0.020 0.030 1.004 -0.113 0.001
4. 10 0.029 0.020 0.030 1.004 -0.113 0.001
(b)
1 nonweighted LLSA
Table 4. (a) Gain and threshold shifts values, (b) Calculated compensation for gain 
and threshold shifts obtained with weighted LLSA.
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Nonweighted LLSA
Test Library Expected Calculated Calculated Observed Reduced
standard Xj Xj error (%) error (%) x 2
1. Bkg 0.01041 0.01039 0.01 0.19 1.38
K-40 0.02100 0.02300 0.09 9.50
2. Bkg 0.01041 0.01049 0.01 0.77 1.20
K-40 0.02100 0.02068 0.09 1.52
Zn-65 0.18182 0018549 0.05 2.01
3. Bkg 0.01041 0.01090 0.01 4.71 1.48
K-40 0.02100 0.01904 0.11 9.33
Zn-65 0.18182 0.18500 0.06 1.75
Mn-54 0.14141 0.14561 0.01 2.97
4. Bkg 0.01041 0.01095 0.01 5.19 1.49
K-40 0.02100 0.01859 0.12 11.48
Zn-65 0.18182 0.17699 0.06 2.66
Mn-54 0.14141 0.14321 0.01 1.27
Ra-226 0.10000 0.12991 0.73 29.91
1\Veighted LLSA
1. Bkg 0.01041 0.01043 0.23 0.19 1.039
K-40 0.02100 0.02225 2.20 5.95
2. Bkg 0.01041 0.01051 0.25 0.96 1.010
K-40 0.02100 0.02058 2.36 2.00
Zn-65 0.18182 0.18554 1.53 2.05
3. Bkg 0.01041 0.01077 0.31 3.44 0.994
K-40 0.02100 0.02001 2.51 4.71
Zn-65 0.18182 0.18613 1.56 2.37
Mn-54 0.14141 0.14703 3.20 3.97
4. Bkg 0.01041 0.01089 0.42 4.61 1.08
K-40 0.02100 0.01970 2.69 6.19
Zn-65 0.18182 0.17933 1.71 1.37
Mn-65 0.14141 0.14493 0.46 2.40
Ra-226 0.10000 0.07663 3.69 23.37
Table 5. Results obtained with nonweighted and weighted LLSA testing a 
series of synthetic mixtures.
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were lower than those obtained by the nonweighted LLSA indicating a better fit and 
more reliable results. Generally, the observed error was higher than the calculated 
error because the later only included uncertainty due to statistical fluctuations of 
counts from a sample. Uncertainties in activities in these mixtures also contributed to 
the observed errors. Errors increased as the number of radioisotopes increased. Plots 
of measured and calculated as well as residuals spectra are shown in Figs. 16 to 19. 
An ideal residuals spectrum has 95% of it points distributed randomly within ±3 
standard deviations5.
A missing spectrum (library standard) decreased the accuracy of results 
obtained with both versions of LLSA. Errors for Bkg and K-40 (as shown in table 6) 
increased from 0.77% and 1.52% to 7.49% and 17.8% , respectively, when a library 
standard (Zn-65) was purposely omitted from an analysis using nonweighted LLSA. 
Conversely, weighted LLSA shifted the spectrum and found greater error as shown in 
table 6 and the residuals were non-random as shown in Fig. 20. Residuals from 
nonweighted LLSA were a better indicator of missing library standards than those 
from weighted LLSA. Channel locations of high positive values corresponded to 
channel locations of the spectral peaks not included (see Fig. 21).
Error increased when the Bkg was subtracted from the sample spectrum and 
not used as a library standard. In order to demonstrate this effect, a counter 
background, collected prior to counting the sample, was subtracted and the resulting 
spectrum was analyzed with LSQFT1. The results tabulated in table 7 indicate a 
significant increase in the observed error, except for when Mn-54 analyzed with 
nonweighted LLSA. The reduced chi-square in nonweighted LLSA became a less 
sensitive indicator for goodness of fit as compared to weighted LLSA. The results 





Figure 16. (a) Measured and calculated spectra for a sample containing K-40.




Figure 17. (a) Measured and calculated spectra for a sample containing K-40 and
Zn-65. (b) Residuals spectrum obtained with weighted LLSA.
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Figure 18. (a) Measured and calculated spectra for a sample containing K-40, Zn-65




Figure 19. (a) Measured and calculated spectra for a sample containing K-40,
Zn-65 , Mn-54 and Ra-226. (b) Residuals spectrum obtained with
weighted LLSA.
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Bkg 0.01041 0.01119 7.49 0.01049 0.77
K-40 0.02100 0.02474 17.80 0.02068 1.52
Zn-65 0.18182 omitted — 0.18549 2.01
reduced
x 2 10.60 1.45
Weighted LLSA
K-40 0.01041 0.01145 39.19 0.01051 0.96
Zn-65 0.02100 0.00157 110.00 0.02058 2.00
Mn-54 0.18182 omitted — 0.18554 2.05
Rediced
x 2 17.72 1.01




Figure 20. (a) Measured and calculated spectra for a sample containing K-40 and 
Zn-65. (b) Residuals spectrum obtained with nonweighted LLSA - 




Figure 21. (a) Measured and calculated spectra for a sample containing K-40 and 
Zn-65. (b) Residuals spectrum obtained with weighted LLSA - Zn-65 
library standard not included.
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K-40 0.02100 0.02587 23.19 0.01904 9.33
Zn-65 0.18182 0.21252 16.88 0.18500 1.75




K-40 0.02100 0.02281 8.62 0.02001 2.50
Zn-65 0.18182 0.19786 8.82 0.18613 1.56
Mn-54 0.14141 0.14999 6.06 0.14703 3.20
Rediced
x2 80.68 0.99
Table 7. Results obtained with nonweighted and weighted LLSA testing Bkg 
subtraction.
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Figure 22. Bottle phantom.
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Figure 23. Alderson phantom.
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Spectra obtained from phantoms of different physical shape (shown in Figs. 
8,22 and 23) were analyzed with LSQFT1 to examine effects of geometry on results. 
The phantoms contained K-40 uniformly distributed and, in this case, the library 
standard for K-40 was prepared with a 1 liter bottle. The results tabulated in Table 8 
indicate a significant difference in the expected and calculated values. This mean 
LLSA method was not able to resolve spectra with a distributed source from spectra 
with localized sources, and conversely, because the basic assumption for applying the 
method had been violated.
An Alderson phantom was counted every work day from 20 Mar. 1989 to 31 
Mar. 1989. Spectra were obtained and analyzed using LSQFT1 to determine variation 
of the calculated Xj. These values are tabulated in table 9. Standard deviations of 
0.75% and 0.55% were observed for nonweighted and weighted LLSA, respectively. 
These small standard deviations demonstrate the consistency of the results obtained 
with LLSA methods. Weighted LLSA gave better fits (i.e., smaller reduced chi- 
square values) demonstrating the capability of LSQFT1 to compensate for gain and 
threshold shifts.
Environmental radon (Rn-222) is highly soluble in fatty tissue and stored in 
the human body19. Hence, a library standard for Rn-222 should have been included in 
analyses of spectra obtained from human subjects. LLSA was applied to the study of 
dynamic properties of Rn-222 in a human body20. A secular equilibrium solution of Ra- 
226 was used to simulate the spectrum of Rn-222. The objective was to check the 
reliability of Xj calculated with LLSA. Results tabulated in table 10 show a reduced 
chi-square value of one or less in each case. Deviations of Bkg and K-40 from the 
expected values were less than 4% although body radon content was changed by a 









Alderson 0.11007 0.18541 17.10
Bottle 0.06601 0.17667 69.17
Jerrican 10.31086 18.14000 2915.9
Table 8. Results of testing geometrical effects on LLSA.
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20 Mar 1989 0.01033 1.33 0.01021 1.26
21 Mar. 1989 0.01017 1.69 0.01018 1.13
22 Mar. 1989 0.01036 1.42 0.01027 1.01
23 Mar. 1989 0.01027 1.44 0.01017 1.26
24 Mar. 1989 0.01016 1.54 0.01008 1.11
27 Mar. 1989 0.01036 1.58 0.01019 1.27
28 Mar 1989 0.01029 1.67 0.01020 1.29
29 Mar 1989 0.01029 1.56 0.01014 1.29
30 Mar 1989 0.01035 1.48 0.01027 0.99




Table 9. Results of consistency tests of weighted and non weighted LLSA.
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Calculated Xj
Test Bkg K-40 Ra-226 Reduced %2
1. 0.00501 0.00180 0.00514 0.93
(S.80%)1 (S.20%)1
2. 0.00503 0.00181 0.00133 0.96
(S.45%)1 (2.69%)!
3. 0.00519 0.00179 0.00998 1.00
(0.385)1 (3.76%)!
Expected
Xj 0.00521 0.00186 — —
1 Deviation from expected value.
Table 10. Results of a radon study analyzed with weighted LLSA.
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Table 11. Partial list of results from a subject in a Cu-67 study analyzed with 
weighted LLSA.
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The radioisotope Cu-67 was orally administered to human subjects in a trace 
element study. Subjects were counted daily for a period of three weeks to determine 
retention and absorption. A partial list of results obtained with LLSA for a human 
subject is shown in table 11. The large reduced chi-square value in the initial count, 
immediately after the radioisotope had been administered, indicates a bias in the 
sample spectrum. This was due to a localized distribution of Cu-67 in the body and 
pulse pile-up. The accuracy of Xj increased as the reduced chi-square value 
decreased. Reduced chi-square values were two or less after the seventh day of 
counting. Copper-67 became more uniformly distributed in the body because a large 
unabsorbed portion was excreted and the activity decreased through natural decay 
over this period. Therefore, more reliable results were obtained after the seventh day 
of counting. An advantage of the LLSA method is the quantity of the administered 
dose; 5 mircocurie doses were administered orally in research work reported here as 
compared to 100 mircocurie doses injected intravenously in another study21.
The LLSA method was also utilized to check the stability of the counter. 
Variations of gain and threshold channel are shown in table 12. Data were obtained by 
collecting Bkgs repeatedly over a twenty four hour period. The collected spectra were 
processed with LSQFT1; the first spectrum served as a reference. The results shown 
in table 12 indicate a gain variation less than 0.1% and a threshold shift within ±0.03 
channel.
The Bkg in the counter was collected daily and analyzed with the weighted 
version of LSQFT1 to check for occurrence of contamination in the counter. Extraneous 
peaks caused by contamination appeared in the Bkg. This increased the reduced chi- 
square value and produced non-randomness in the residuals spectrum.
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5:35 am 1.000 1.000 0.000 0.00
8:35 am 0.999 0.999 0.000 1.97
11:35 am 0.996 0.998 -0.017 1.79
2:35 pm 1.002 0.999 -0.025 1.83
5:35 pm 1.016 0.998 -0.015 2.09
8:35 pm 1.017 0.998 -0.017 2.28
11:35 pm 1.003 0.999 0.028 1.82
Table 12 . Results of gain and threshold shifts tests on a set of background spectra.
SUMMARY
LLSA is a powerful and versatile technique for spectral data analysis. The 
quality of library standards are crucial in successful application of LLSA, hence, great 
care should be exercised into preparing them. Generally, weighted LLSA will give 
better results and accuracy than nonweighted LLSA. Disadvantages of weighted 
LLSA are the increased execution time, 3 to 5 times longer, and error introduced when 
a library standard is not included in the analysis. Reduced chi-square is a sensitive 
indicator of goodness-of-fit with LLSA. Care should be taken when using a weighted 
LLSA. A reduced chi-square value of one or less does not necessarily indicate the 
results are reliable. During an iteration process compensation for gain and threshold 
shifts may force the program to converge to incorrect results which, nevertheless, 
minimize the chi-square value. A reduced chi-square value with a residuals spectrum 
plot forms an excellent goodness-of-fit indicator when bias has occurred or is 
suspected in a sample spectrum. It is recommended to plot out the measured, 
calculated and residuals spectra and check for irregularities. In all cases residuals 
spectra from nonweighted LLSA are a better indicator of missing spectra than those of 
weighted LLSA.
Counting geometry of the library standards should be representative of that of 
the sample, and radioisotopes activities should be low enough to avoid pulse pile-up.
Finally, LLSA is also an excellent tool for checking the stability and 




1. L. Wielopolski, private communication.
2. R. M. Parr, Nuclear Techniques for the In-Vivo Study of Human Body 
Composition. IAEA/RL/131 (I. A. E. A., Vienna, March 1986).
3. P. Quittner, Gamma-Rav Spectroscopy (Halstad Press, A Division of J. Wiley 
and Sons Inc., New York, 1972).
4. L. Salmon, Nucl. Instr. Method 14, 193-199 (1961).
5. A. Gavron, Israel Atomic Energy Commission Report no. IA-1165 (I.A.E.C., 
Tel Aviv, 1968).
6. L. Wielopolski and S. H. Cohn, Med. Phys. 11, 528-533 (1984).
7. L. Salmon, USAEC NAS-NS. 3107, 165 (1962).
8. R. T. Birge, Phys. Rev. 40, 207 (1932).
9. R. P. Gadner, L. Wielopolski and K. Verghese, Atomic Energy Rev. 15, 701- 
754 (1977).
10. E. Schonfeld, A. H. Kibbey and W. Davis, Nucl. Insr. and Meth. 45, 1-21 
(1966).
11. L. Brand, Differential and Difference Equations (J. Wiley and Sons Inc., New 
York, 1966).
12. P. R. Bevington, Data Reduction and Error Analysis for The Physical Sciences 
(McGraw-Hill Book Company, New York, 1969).
13. H. Cramer, The Elements of Probability Theory (J. Wiley and Sons Inc., New 
York, 1955).
14. J. R. Taylor, An Introduction to Error Analysis (University Science Books, Mill 
Valley, 1982).
15. W. S. Snyder, International Commission on Radiological Protection Report no. 
23 (Pergamon Press, New York, 1975).
65
16. F. Adams and R. Dams, ed., Applied Gamma-Rav Spectrometry (Pergamon 
Press, New York, 1970).
17. R. C. Weast, ed., Handbook of Physics and Chemistry. 55rd ed. (CRC press, 
Cleveland, 1974).
18. L. T. Dillman and F. C. Van der. Radionuclide Decay Schemes and Nuclear 
Parameters for Use In Radiation, nm/mird pamphlet no. 10 (Society of Nuclear 
Medicine, New York, 1975).
19. J. Rundo, F. Markun and J. Y. Sha, Science 199, 1211-1212 (1978).
20. G. I. Lykken and H. S. Ong, Health Physics, 57, 161-165 (1989).
21. T. Sargent III and H. Stauffer, J. of Nucl. Med. and Biol. 6, 17-21 (1979).
